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Solution to Assignment 12

Supplementary Problems

1. Verify that for any k-form w, d(dw) =0 . You may work on the 3-dimensional space.
Solution. Let f be a 0-form. The df = f,dx + f,dy + f.dz and

df=d(df) = dfs ANdz+dfy Ady+df. Adz
Y
= 0,

by antisymmetry.

Let w = fdx 4 gdy + hdz be a 1-form. Then
df = fydy Ndx + f.dz AN dx + gedx A dy + g.dz N\ dy + hpdx N\ dz + hydy N dz,
and

dPw=d(dw) = fpdzNdyNdz+ fudy Adz Adz+ ge.dz Adz A dy
+gzzdx ANdz AN dy + hyydy A dx N\ dz + hygdx N dy A\ dz
pu— 0 5

by antisymmetry.

For any k-form with k > 2 its twice exterior differentiation is a k + 2-form which must
vanish in a three dimensional space.

2. Verify (a) Vx V® =0, and (b) V-V x A =0 for any function ® and vector field A.

Solution. Straightforward computations. The first formula says a gradient vector field is
curl free and the second formula says a curl vector field is divergence free. A fundamental
result on vector fields is the Helmholtz decomposition theorem: Any vector field F' can be
written as

F=V®+4+V xA,

for some function ® and vector field A. In other words, it can be expressed as the sum of
a curl-free and a divergence-free vector fields.

The converse question for (a) is: When a vector field satisfies V x F = 0, does it exist
some function ® such that F = V®? We know that it is true when the underlying space
of the vector field is simply-connected.

The converse question for (b) is: When a vector field satisfies V - F = 0, does it exist
some vector field A such that F =V x A7 It is true when the vector field is defined in a
star-shaped region.



